We formulate an effective Schrödinger wave equation describing the quantum dynamics of a system of D0-branes by applying the Wilson renormalization group equation to the worldsheet partition function of a deformed σ-model describing the system, which includes the quantum recoil due to the exchange of string states between the individual D-particles. We arrive at an effective Fokker-Planck equation for the probability density with diffusion coefficient determined by the total kinetic energy of the recoiling system. We use Galilean invariance of the system to show that there are three possible solutions of the associated non-linear Schrödinger equation depending on the strength of the open string interactions among the D-particles. When the open string energies are small compared to the total kinetic energy of the system, the solutions are governed by freely-propagating solitary waves. When the string coupling constant reaches a dynamically determined critical value, the system is described by minimal uncertainty wavepackets which describe the smearing of the D-particle coordinates due to the distortion of the surrounding spacetime from the string interactions. For strong string interactions, bound state solutions exist with effective mass determined by an energy-dependent shift of the static BPS mass of the D0-branes.
I. INTRODUCTION AND SUMMARY
that the background independent terms can be derived using T -duality from a 9-brane action obtained from the corresponding abelian version by symmetrizing all gauge group traces in the vector representation [6] . A direct calculation of the leading terms in a weak supergravity background has been calculated using Matrix Theory methods in [8] . Based on the Type I formulation, i.e. by viewing a D-particle in the Neumann picture and imposing T -duality as a functional canonical transformation in the string path integral [9] , the effective moduli space Lagrangian was derived in [10] and shown to coincide (to leading orders in a velocity expansion) with the non-abelian Born-Infeld action of [7] . In the following we will use this moduli space approach to D-brane dynamics to describe some properties of the multiple D-brane wavefunction.
The novel aspect of the approach of [10] is that the moduli space dynamics induces an effective target space geometry for the D-branes which contains information about the short-distance spacetime structure probed by multiple D-particles. Based on this feature, string-modified spacetime and phase space uncertainty relations can be derived and thereby represent a proper quantization of the noncommutative spacetime seen by low-energy Dparticle probes [11] . The quantum uncertainties derived in [10, 11] were found to exhibit quantum decoherence effects through their dependence on the recoil energies of the system of D-particles. This suggests that the appropriate quantum dynamics of D0-branes should be described by some sort of stochastic string field theory involving a Fokker-Planck Hamiltonian.
As in [6, 7] , the derivation in [10] assumes constant background supergravity fields. However, another important ingredient missing in the moduli space description are the appropriate residual fermionic terms from the supersymmetry of the initial static D-brane configuration. While the recoil of the D-branes breaks supersymmetry, it is necessary to include these terms to have a complete description of the stability of the D-particle bound state. As shown in [12] , the energy of the bound states of D-branes and strings is determined by the central charge of the corresponding spacetime supersymmetry algebra. Nonetheless, the bosonic formalism that we display below can be exploited to a large extent to describe at least heuristically the quantum phase structure of the multiple D-particle system and, in particular, determine the mass and stability conditions of the candidate bound state. One reason that this approach is expected to yield reliable results is that we view the system of D-branes and strings as a quantum mechanical system (rather than a quantum field theoretical system as might be the case from the fact that T -duality is used to effectively integrate over the transverse coordinates of the branes), with the D-brane recoil constituting an excitation of this system. The recoiling system of D-branes and strings can be viewed as an excited state of a supersymmetric (static) vacuum configuration. The breaking of target space supersymmetry by the excited state of the system may thereby constitute a symmetry obstruction situation in the spirit of [13] . According to the symmetry obstruction hypothesis, the ground state of a system of (static) strings and D-branes is a BPS state, but the excited (recoiling) states do not respect the supersymmetry due to quantum diffusion and other effects. Phenomenologically, the supersymmetry breaking induced by the excited system of recoiling D-particles will distort the spacetime surrounding them and may result in a decohering spacetime foam, on which low energy (point-like) excitations live. This motivates the study of non-supersymmetric D-branes recoiling under the exchange of strings.
Such quantum mechanical systems exhibit diffusion and may be viewed as non-equilibrium (open) quantum systems, with the non-equilibrium state being related naturally to the picture of viewing the recoiling D-brane system as an excited state of some (non-perturbative) supersymmetric D-brane vacuum configuration.
The main relationship we shall exploit in obtaining the quantum dynamics of multiple D-particle systems is that between the Dirichlet partition function in the background of Type II string fields and the semi-classical (Euclidean) wavefunctional Ψ[Y i ] of a Dp-brane.
This relation is usually expressed as [14, 15] 
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The wavefunction Ψ[Y i ] is expressed in terms of the generating functional which sums up all one-particle irreducible connected worldsheet diagrams whose boundaries are mapped onto the D-brane worldvolume. Integration over the worldvolume gauge field is implicit in Ψ to ensure Type II winding number conservation. Dirichlet string perturbation theory yields
where S h denotes the amplitude with h holes, in which an implicit sum over handles is assumed. However, as we will discuss in the following, the identification (1.3) is not the only one consistent with the approach to D-brane dynamics advocated in [10] , and one may instead identify the worldsheet Dirichlet partition function, summed over all genera, with the probability distribution corresponding to the wavefunction Ψ. Using this identification, the Wilson renormalization group equation has been proposed as a defining principle for obtaining string field equations of motion, including the appropriate Fischler-Susskind mechanism for the contributions from higher genera [14] . When applied to Dirichlet string theory, we shall find that the consistent D-brane equation of motion follows from the renormalization group equation. More precisely, within the framework of a perturbative logarithmic conformal field theory approach to multiple D-brane dynamics [10] , we will show that the intricate quantum dynamics of a system of interacting D-particles is described by a non-linear Schrödinger wave equation. The corresponding probability density is of the Fokker-Planck type, with quantum diffusion coefficient D given by the square of the modulus of the recoil velocity matrix of the bound state system of D-particles and strings:
where c G is a numerical constant andŪ i ab is the (renormalized) constant velocity matrix of a system of N D-particles arising due to the D-particle recoil from the scattering of string states. This phenomenon is in fact characteristic of Liouville string theory, on which the above approach is based. Since the D-particle interactions distort their surrounding spacetime, these non-linear structures may be thought of as describing short-distance quantum gravitational properties of the D-brane spacetime. Non-linear equations of motion for string field theories have been derived in other contexts in [16] . From this nonlinear Schrödinger dynamics we shall describe a multitude of classes of solutions, using Galilean invariance of the D-brane dynamics which is a consequence of the corresponding logarithmic conformal algebra. We will show that bound state solutions do indeed exist for string couplings g s larger than a dynamically determined critical value. The effective bound state mass is likewise determined as an energetically induced shift of the static, BPS mass of the D0-branes. In fact, we shall find that there are essentially three different phases of the quantum dynamics in string coupling constant space. Below the critical string coupling the multiple D-brane wavefunction is described by solitary waves, in agreement with the description of free Dbranes as string theoretic solitons, while at the critical coupling the quantum dynamics is described by coherent Gaussian wavepackets which determine the appropriate quantum smearing of the multiple D-particle spacetime. These results are shown to be in agreement with the previous results concerning the structure of quantum spacetime [10, 11] .
We close this section by summarizing some of the generic guidelines that we shall use in this paper for constructing a wavefunctional for the system of D-branes. We will use a field theoretic approach by identifying the Hartle-Hawking wavefunction
where S E is the effective Euclidean action. We shall discuss the extension to string theory and highlight the advantages and disadvantages of using this identification. We shall also identify the probability density with the genus expansion of an appropriate worldsheet σ-model:
(1.7)
The arguments in favour of this identification will be reality, and the occurence of statistical probability distribution factors which appear in the wormhole parameters after resummation of (1.7) over pinched genera. The Wilson-Polchinski worldsheet renormalization group flow, coming from the sum over genera as in (1.7), yields a Fokker-Planck diffusion equation
where D is the diffusion operator defined in (1.5) in terms of (renormalized) recoil velocity matrices, and J is the associated probability current density. The equation (1.8) will follow from the gradient flow property of the σ-model β-functions, which is also necessary for the Helmholtz conditons or equivalently for canonical quantization of the string moduli space. The knowledge of the Fokker-Planck equation (1.8) alone does not lead to an unambiguous construction of the wavefunction Ψ. There are ambiguities associated with non-linear Ψ-dependent phase transformations of the wavefunction:
where t is the Liouville zero mode. Furthermore, Ψ is then necessarily determined by a non-linear wave equation if a diffusion coefficient D is present, as will be the case in what follows. The non-linear Schrödinger equation has the form
where P = Ψ † Ψ is the probability density. This is a Galilean-invariant but time-reversal violating equation, exactly as expected from previous considerations of non-relativistic Dbrane dynamics and Liouville string theory. Eq. (1.10) will be the proposal in the following for the non-linear quantum dynamics of matrix D-branes (this was noted in passing in [17] ).
II. QUANTUM MECHANICS ON MODULI SPACE
In [10] it was shown how a description of non-abelian D-particle dynamics, based on canonical quantization of a σ-model moduli space induced by the worldsheet genus expansion (i.e. the quantum string theory), yields quantum fluctuations of the string soliton collective coordinates and hence a microscopic derivation of spacetime uncertainty relations, as seen by short distance D-particle probes. In the following we will proceed to construct a wavefunction for the system of D0-branes which encodes the pertinent quantum dynamics. To start, in this section we shall clarify certain facts about wavefunctionals in non-critical string theories in general, completing the discussion put forward in [15] .
A. Liouville-dressed Renormalization Group Flows
Consider quite generally a non-critical string σ-model, defined as a deformation of a conformal field theory S * with coupling constants {g I }. The worldsheet action is
where V I are the deformation vertex operators and an implicit sum over repeated upper and lower indices is always understood. We assume that the deformation is relevant, so that the worldsheet theory must be dressed by two-dimensional quantum gravity in order to restore conformal invariance in the quantum string theory. The corresponding Liouville-dressed renormalized couplings {λ I } satisfy the renormalization group equations
where the dots denote differentiation with respect to the worldsheet zero mode of the Liouville field. Here Q is the square root of the running central charge deficit on moduli space and
are the flat worldsheet β-functions, expressed in terms of Liouville-dressed coupling constants. In (2.3), h I are the conformal dimensions and c I JK the operator product expansion coefficients of the vertex operators V I . The minus sign in (2.2) owes to the fact that we confine our attention here to the case of central charge c > 25 (corresponding to supercritical bosonic or fermionic strings).
Upon interpreting the Liouville zero mode as the target space time evolution parameter, eq. (2.2) is reminescent of the equation of motion for the inflaton field φ in inflationary cosmological models [18, 19] . In the present case of course one has a collection of fields {g I }, but the analogy is nevertheless precise. The role of the Hubble constant H is played by the central charge deficit Q. The precise correspondence actually follows from the gradient flow property of the string σ-model β-functions for flat worldsheets:
where C = Q 2 is the Zamolodchikov C-function which is associated with the generating functional for one-particle irreducible correlation functions [20] , and G IJ is the matrix inverse of the Zamolodchikov metric
on the moduli space M({g I }) of σ-model couplings {g I }. Then the right-hand side of (2.2) also corresponds to the gradient of the potential V in inflationary models:
where φ is the inflaton field in a sufficiently homogeneous domain of the universe.
B. The Hartle-Hawking Wavefunction
In [10, 15] it was shown, through the energy dependence of quantum uncertainties, that some sort of stochasticity characterizes non-critical Liouville string dynamics, implying that the analogy of eq. (2.2) with the equations of motion in inflationary models should be made with those involving chaotic inflation [19] . Let us now briefly review the properties of these latter models. In such cases, the ground state wavefunction of the universe may be identified as [21] :
where S E is the Euclidean action for the scalar field a(τ ) and the inflaton scalar field φ(τ ) which satisfy the boundary conditions:
and τ is the Euclidean time.
To understand how eq. (2.7) comes about, we appeal to the Hartle-Hawking interpretation [21] . Consider the Green's function x, t|0, t ′ of a particle which propagates from the spacetime point (0, t ′ ) to (x, t):
where {ψ n } is the complete set of energy eigenstates with energy eigenvalues E n ≥ 0 (the sum in (2.9) should be replaced by an appropriate integration in the case of a continuous spectrum). To obtain an expression for the ground state wavefunction, we make a Wick rotation t = −iτ , and take the limit τ → −∞ to recover the initial state. Then in the summation over energy eigenvalues in (2.9), only the ground state (n = 0) term survives if E 0 = 0. The corresponding path integral representation becomes Dx e −S E (x) , and one obtains eq. (2.7) in the semi-classical approximation.
For inflationary models which are based on the de Sitter spaces dS 4 with
and hence
Thus the probability density for finding the universe in a state with φ = const.,
The distribution function (2.13) has a sharp maximum as V (φ) → 0. For inflationary models this is a bad feature, because it diminishes the possibility of finding the universe in a state with a large φ field and thereby having a long stage for inflation. However, from the point of view of Liouville string theory, the result (2.13), if indeed valid, implies that the critical string theory (since V ∝ Q 2 there) is a favourable situation statistically, and hence any consideration (such as those in [10] ) made in the neighbourhood of a fixed point of the renormalization group flow on the moduli space of running coupling constants is justified.
C. Moduli Space Wavefunctionals
Let us now proceed to discuss the possibility of finding a Schrödinger wave equation for the D-particle wavefunction. The identification (2.7) in the inflationary case needs some careful verification in the case of the topological expansion of the worldsheet σ-model (2.1). In Liouville string theory, the genus expansion of the partition function may be identified [15] with the wavefunctional of non-critical string theory in the moduli space of coupling constants {g I }:
(2.14)
where
is the effective target space action functional of the non-critical string theory. The sum on the right-hand side of (2.15) is over all worldsheet genera, which sums up the oneparticle irreducible connected worldsheet amplitudes F h with h handles. The gradient flow property (2.4) of the β-functions ensures [10, 15] that the Helmholtz conditions for canonical quantization are satisfied, which is consistent with the existence of an off-shell action F [{g
In that case, the effective Lagrangian on moduli space whose equations of motion coincide with the renormalization group equations (2.2) is given by [10] 
and it coincides with the Zamolodchikov C-function. The semi-classical wavefunction determined by (2.14) is thereby determined by the action C[λ] regarded as an effective action on the space of two-dimensional renormalizable field theories. Thus the probability density is P[{g justifying the analysis in a neighbourhood of a fixed point. However, the identification (2.14) is not the only possibility in non-critical string theory, as will be discussed below, in particular in connection with the Schrödinger dynamics of D0-branes. The main point is that upon taking the topological expansion in Liouville string theory, the couplings g I become quantized in such a way so that
where the prime on the sum means that the genus expansion is truncated to a sum over pinched annuli of infinitesimal strip size, S
σ [x; {g I }] is the tree-level (disc or sphere) action for the σ-model, and α I are worldsheet wormhole parameters on the moduli space M({g I })
of the two-dimensional quantum field theory. The Gaussian spread in the α I in (2.17) can be interpreted as a probability distribution characterizing the statistical fluctuations of the coupling constants g I . The width Γ is proportional to the logarithmic modular divergences on the pinched annuli, which may be identified with the short-distance infinities log Λ at tree-level [10] (Λ is the worldsheet ultraviolet cutoff scale). The result (2.17) suggests that one may directly identify the genus expansion of the worldsheet partition function as the probability density
for finding non-critical strings in the moduli space configuration {g I } at Liouville time t (the worldsheet zero mode of the Liouville field). In this way one has a natural explanation for the reality of eq. (2.17) on Euclidean worldsheets. If the identification of the genera summed partition function with the probability density holds, i.e. with the square of the wavefunction Ψ({g I }, t) rather than the wavefunctional itself, then one may obtain a temporal evolution equation for (2.18) using the Wilson-Polchinski renormalization group equation on the string worldsheet [14] . This will be described in section IV.
Notice that if one interprets the topological expansion of the worldsheet partition function as the probability density for the non-critical string configuration {g I }, then the simple argument leading to eq. (2.7) is not valid here. In such a situation the action in eq. (2.9), which refers to the string moduli space, is not the same as the effective target space action F [{g I }], but rather something different, corresponding to the phase of the wavefunctional Ψ({g I }, t) whose probability density (2.18) corresponds to the genera summed worldsheet partition function. This is not necessarily a bad feature, as we shall see, although in most treatments the target space effective action F [{g I }] is identified with the moduli space action upon identification of the Liouville zero mode (i.e. the local worldsheet renormalization group scale) with target time. For this, we observe that the statistical interpretation of the resummed worldsheet partition function is compatible with the interpretation in [10] of the Gaussian wormhole parameter distribution function in eq. (2.17) as being responsible for the quantum uncertainties of D-branes. This follows trivially from the fact that
Then, any correlation function may be written as
which using eq. (2.19) gives the connection between the two probability distributions.
III. MATRIX D-BRANE DYNAMICS
In this section we shall briefly review the worldsheet description of [10] for matrix D0-brane dynamics. The partition function is given by [9] Z
is the deformation action of the free σ-model in (3.1). Here the indices µ = 0, 1, . . . , 9 and i = 1, . . . , 9 label spacetime and spatial directions of the target space, which we assume has a flat metric η µν . The functional integration measure in (3.1) is given by
The complex auxilliary fieldsξ a (τ ) and ξ a (τ ), a = 1, . . . , N, transform in the fundamental representation of the brane gauge group, and they live on the boundary of the worldsheet Σ which at tree-level is a disc whose boundary is a circle ∂Σ with periodic longitudinal coordinate τ ∈ [0, 1] and normal coordinate σ ∈ R. They have the propagator and introducing the one-parameter family of bare matrix-valued vertex operators
This means that there is a one-parameter family of Dirichlet boundary conditions for the fundamental string fields x i on ∂Σ, labelled by τ ∈ [0, 1] and the configuration fields
Instead of being forced to sit on a unique hypersurface as in the case of a single D-brane, in the non-abelian case there is an infinite set of hypersurfaces on which the string endpoints are situated. In this sense the coordinates (3.5) may be thought of as an "abelianization"
of the non-abelian D-particle coordinate fields Y ab i . To describe the non-relativistic dynamics of heavy D-particles, the natural choice is to take the couplings to correspond to the Galilean boosted configurations
, where U i is the non-relativisitic velocity matrix. However, logarithmic modular divergences appear in matter field amplitudes at higher genera when the string propagator L 0 is computed with Dirichlet boundary conditions. These modular divergences are cancelled by adding logarithmic recoil operators [10, 22] to the matrix σ-model action in (3.1).
From a physical point of view, if one is to use low-energy probes to observe short-distance spacetime structure, such as a generalized Heisenberg microscope, then one needs to consider the scattering of string matter off the assembly of D-particles. For the Galilean-boosted multiple D-particle system, the recoil is described by taking the deformation of the σ-model action in (3.1) to be of the form [10]
and
is the regulated step function whose ǫ → 0 + limit is the usual step function. The operators The recoil operators (3.7) possess a very important property. They lead to a deformation of the free σ-model action in (3.1) which is not conformally-invariant, but rather defines a logarithmic conformal field theory [23] . Such a quantum field theory contains logarithmic scaling violations in its correlation functions on the worldsheet, which can be seen in the present case by computing the pair correlators of the fields (3.7) [22] 
is the conformal dimension of the recoil operators. The constant b is fixed by the leading logarithmic divergence of the conformal blocks of the theory. Note that (3.10) vanishes as ǫ → 0, so that the logarithmic worldsheet divergences in (3.9) cancel the modular annulus divergences mentioned above. An essential ingredient for this cancellation is the identification
which relates the target space regularization parameter ǫ to the worldsheet ultraviolet cutoff scale Λ. Logarithmic conformal field theories are characterized by the fact that their Virasoro generator L 0 is not diagonalizable, but rather admits a Jordan cell structure. Here the operators (3.7) form the basis of a 2 × 2 Jordan block and they appear in the spectrum of the two-dimensional quantum field theory as a consequence of the zero modes that arise from the breaking of the target space translation symmetry by the topological defects. The mixing between C and D under a conformal transformation of the worldsheet can be seen explicitly by considering a scale transformation
Using (3.11) it follows that the operators (3.7) are changed according to
Thus in order to maintain scale-invariance of the theory (3.1) the coupling constants must transform under (3.12) as [22, 24] 
and they generate the Galilean group G(9) N 2 in nine-dimensions.
The associated Zamolodchikov metric
can be evaluated to leading orders in σ-model perturbation theory using the logarithmic conformal algebra (3.9) and the propagator of the auxilliary fields to give [10]
where I N is the identity operator of SU(N) and we have introduced the renormalized coupling constantsḡ
From the renormalization group equations (3.13) it follows that the renormalized velocity operator in target space is truly marginal,
which ensures uniform motion of the D-branes. It can also be shown that the renormalized string couplingḡ s is time-independent [10] . If we further define the position renormalization
then the β-function equations (3.13) coincide with the Galilean equations of motion of the [7] ,
where tr denotes the trace in the fundamental representation of SU(N),
is the symmetrized matrix product and the components of the dimensionally reduced field strength tensor are given by
IV. EVOLUTION EQUATION FOR THE PROBABILITY DISTRIBUTION
In this section we will derive the temporal evolution equation for the probability density P({g I }, t) following the identification of time with a worldsheet renormalization group scale (i.e. the Liouville zero mode). The basic identity is the Wilson-Polchinski equation for the case of the worldsheet action (2.1) which reads [14] 
and it is the requirement of conformal invariance of the quantum string theory. Here S int = S σ − S * , Z is the partition function of the σ-model, and
is the two-point function computed with respect to the conformal field theory action
The basic assumption in arriving at eq. (4.1) is that the ultra-violet cutoff Λ on the string worldsheet appears explicitly only in the propagator G(z − w), as can always be arranged by an appropriate regularization [14] .
Henceforth we shall concentrate on the specific case of interest of a system of N interacting D-particles. Then, upon summing up over pinched genera, there are extra logarithmic divergences in the Green's function (4.2) coming from pinched annulus diagrams, which may be removed by the introduction of logarithmic recoil operators, as explained in the previous section. Using primes to denote the result of resumming the topological expansion over pinched genera, we then have that
where the correlator · int includes the disc and recoil interaction contributions. Subtracting the disc Λ-dependence in normal ordering, the remaining dependence on the worldsheet cutoff comes from the two-point functions of the logarithmic recoil operators, giving terms of the form
The leading divergence comes from the correlation function D ǫ (z)D ǫ (w) * ∼ log Λ, which follows upon the identification (3.11). Thus we may write
where c G > 0 is a numerical coefficient whose precise value is not important, and we have used the fact that U i ∈ su(N).
Next, we observe that in the case of D-particles the second term in eq. (4.1) becomes
where the interaction Lagrangian is given by
In the case of a system of recoiling D0-branes, the σ-model couplings in eq. 
where y i denotes the constant abelianized zero modes of x i (τ ) on ∂Σ. Here we have used the fact that terms of the form x 0 δ(x 0 ) and Θ(x 0 )δ(x 0 ) vanish with the regularization (3.8) [10] . The terms involving ∂ σ x i (τ )∂ σ x j (τ ′ ) will average out to yield terms of the form
where we have used the logarithmic conformal algebra. At leading orders, these terms vanish, but we shall see the importance of such sub-leading terms later on.
Using the Dirichlet correlator
we find that the boundary integrations in eq. (4.6) are of the form [10]
which has the effect of renormalizing the velocity matrix U i ab →Ū i ab . Thus, ignoring the O(ǫ 2 ) terms for the moment, we find that the remaining terms in the Wilson-Polchinski renormalization group equation (4.1) yield a diffusion term for the probability density:
This equation is of the Fokker-Planck type, with diffusion coefficient The evolution equation (4.12) should be thought of as a modification of the usual continuity equation for the probability density. Indeed, as we will now show, the O(ǫ 2 ) terms in eq. (4.12) coming from (4.9) are of the form −∇ y i J i , where
is the probability current density. Here
are, respectively, the BPS mass of the D-particles and the moduli space "Planck constant".
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For this, we note first of all that such terms should generically come in the form
The second term in eq. (4.16), upon identification of the probability density P with the genera resummed partition function on the string worldsheet, is proportional to the worldsheet renormalization group β-function, given the gradient flow property (2.4) of the string effective action [20] , so that
which is to be understood in terms of abelianized quantities. In the present case the renormalization group equations are given by (3.17) and (3.19) and, since the couplingsŪ ab i
are truly marginal, we are left in (4.17) with only a Zamolodchikov metric contribution
Note that here one should use suitably normalized correlators 1 The identification (4.15) of Planck's constant in the D-particle quantum mechanics on moduli space with the string coupling constant is actually not unique in the present context of considering only the exchange of strings between D-particles. As discussed in [10] , the most general relation, compatible with the logarithmic conformal algebra, involves an arbitrary exponent χ through h M = 4(ḡ s ) 1+χ/2 . The exponent χ arises from specific mechanisms for the cancellation of modular divergences on pinched annular surfaces by appropriate world-sheet short-distance infinities at lower genera. The only restriction imposed on χ is that it be positive definite. As shown in [10] , the standard kinematical properties of D-particles are reproduced by the choice χ = . A choice of χ = 0 seems more natural from the point of view that modular divergences should be suppressed for weakly interacting strings. However, in the present case, we assume for simplicity the value χ = 0, which yields the standard string smearing √ α ′ for the minimum length uncertainty. The incorporation of an arbitrary χ ≥ 0 in the formalism is straightforward and would not affect the qualitative properties of the following results. · * which yield the behaviour (4.17)). From the logarithmic conformal algebra it therefore follows that a term with the structure of the second piece in eq. (4.16) is hidden in the contributions (4.9) which were dropped as being subleading in ǫ. Furthermore, from (3.15), (4.16), (4.5), (4.8) and (4.9) it follows that to leading orders
whereū i = dȳ i /dt is the worldsheet zero mode of the abelianized, renormalized velocity operator. It then follows that to leading orders we have ∇
Thus, keeping the subleading terms in the target space regularization parameter ǫ leads to the complete Fokker-Planck equation for the probability density P = Ψ † Ψ:
where J i is the probability current density (4.14), with Ψ the wavefunctional for the system of D-branes:
Such quantum diffusion is characteristic of all Liouville string theories [15, 17, 25] . The resulting quantum dynamics, including the quantum diffusion which arises from the D-brane recoil, is described by the Schrödinger wave equation which corresponds to this FokkerPlanck equation. This equation is analysed in detail in the next section.
V. NON-LINEAR SCHRÖDINGER WAVE EQUATIONS
Given the Fokker-Planck equation (4.19) , there is no unique solution for the wavefunction Ψ, as we discuss below, and the resulting Schrödinger wave equation is necessarily non-linear, due to the diffusion term [26, 27] . Consider the quantum mechanical system with diffusion which is described by the Fokker-Planck equation (4.19) for the probability density P = Ψ † Ψ.
In [26] it was shown that, by imposing diffeomorphism invariance in the space y ∈ M and representing the symmetry through the infinite-dimensional kinematical symmetry algebra C ∞ (M) ⊃ + Vect(M), one may arrive at the following non-linear Schrödinger wave equation:
where H 0 is the linear Hamiltonian operator
Here V M ( y, u; t) is the interaction potential on moduli space and the real continuous quantum number D in (4.13) is the classification parameter of the unitarily inequivalent diffeomorphism group representations. Other models which have more than one type of diffusion coefficient can be found in [26, 27] . A crucial point [27] is that there exist non-linear phase transformations of the wavefunction Ψ (known as quantum mechanical "gauge transformations") which leave invariant appropriate families of non-linear Schrödinger equations, and also the probability density P.
Such transformations do not affect any physical observables of the system. This implies that the choice of Ψ is ambiguous, once a density P is found as a solution of eq. (4.19) on the collective coordinate space {Y ab i } of the D-branes. An important ingredient in finding such transformations is the assumption [27, 28] that all measurements of quantum mechanical systems can be made so as to reduce eventually to position and time measurements. Because of this possibility, a theory formulated in terms of position measurements is complete enough in principle to describe all quantum phenomena. This point of view is certainly met by the D-brane moduli space, whereby the wavefunctional depends only on the couplings {g I }
and not on the conjugate momenta p I = −ih M ∂/∂g I . The group of non-linear gauge transformations acts on each leaf in a foliation of a family of non-linear Schrödinger equations, such that the two-dimensional leaves of the foliation consist of sets of equivalent quantum mechanical evolution equations. It follows that then one can perform the following local, two-parameter projective gauge transformation of the wavefunction [27] :
under which the probability density is invariant, but the probability current transforms as 
where ν i , µ j are real-valued coefficients which are related to diffusion coefficients D and D
and R j [Ψ] are non-linear homogeneous functionals of degree 0 which are defined by
In eq. (5.7) the c j are constants, while in eq. (5.8) the probability current density is given by (4.14) with P = Ψ † Ψ.
The gauge group Af f (1) acts on the parameter space of the family (5.6). Some members of this family are thereby linearizable to an ordinary Schrödinger wave equation under the action of (5.4). These are the members for which there exists a specific relation between D and D ′ [27] , and for which Ehrenfest's theorem of quantum mechanics receives no dissipative corrections. The quantum mechanics of D-particles is not of this type, given that there is definite diffusion, dissipation and thus time irreversability. However, as discussed in [10, 22, 24] , one needs to also maintain Galilean invariance, which is a property originating from the logarithmic conformal algebra of the recoil operators. As described in [27] , there is a class of non-linear Schrödinger wave equations which is Galilean invariant but which violates time-reversal symmetry. For this, it is useful to first construct a parameter set of equations of the form (5.7) which remain invariant under the gauge transformations (5.4). We may describe the parameter family of equations (5.6) in terms of orbits of Af f (1) by regarding γ = 2mµ 1 and λ = 2mν 1 as the group parameters of an Af f (1) gauge transformation (5.4).
Then the remaining five parameters in (5.7) are taken to be the functionally-independent parameters η j , j = 1, . . . , 5, which are invariant under Af f (1) and are defined by
A detailed discussion of the corresponding physical observables is given in [27] . For our purposes, we simply select the following relevant property of the non-linear Schrödinger equation based on the parameter set (5.9).
Consider the effect of time-reversal on the non-linear Schrödinger wave equation. Setting t → −t is equivalent to introducing the following new set of coefficients:
where the superscript T denotes the time-reversal transformation. It is straightforward to show [27] that, in terms of the η j 's, there is time-reversal invariance in the non-linear Schrödinger equation if the two parameters η 1 and η 4 are both non-vanishing. On the other hand, a straightforward calculation also shows [27] that Galilean invariance sets η 4 = 0, thereby implying that a family of non-linear Schrödinger wave equations which is invariant under G(9) but not time-reversal invariant indeed exists. For a single diffusion coefficient D = 0, as in the case (4.13) of recoiling D-branes, one may set D ′ c j = 0 (corresponding to the Af f (1) gauge choice µ 1 = 0) and thereby obtain the set of gauge invariant parameters:
The parameter set (5.11) breaks time-reversal invariance, as expected from the non-trivial entropy production and decoherence characterizing the worldsheet renormalization group approach to target space time involving Liouville string theory [10, 15, 29] . But it does preserve Galilean invariance, as is required by conformal invariance of the non-relativistic, recoiling system of D-particles.
One may therefore propose that the Fokker-Planck equation for the probability density P on the moduli space of collective coordinates of a system of interacting D-branes implies a Schrödinger wave equation for the pertinent wavefunctional which is non-linear, Galileaninvariant and has a time arrow, corresponding to entropy production, and hence explicitly broken time-reversal invariance. The existence of a dissipation D ∝ tr |Ū i | 2 , due to the quantum recoil of the D-branes, implies that the Ehrenfest relations acquire extra dissipative terms for this family of non-linear Schrödinger equations. For example, one can immediately obtain the relations [26] d dt
is the undissipative current density (4.14). Note that the fundamental renormalization group equations (3.13) receive no corrections due to the dissipation. The existence of extra dissipation terms in (5.12) in the Ehrenfest relation for the momentum operator p i = −ih M ∇ y i , which are proportional to tr |Ū i | 2 , may now be compared to the generalized Heisenberg uncertainty relations that were derived in [10] . These extra terms are determined by the total kinetic energy of the D-branes and their open string excitations, and they show how the recoil of the D-brane background produces quantum fluctuations of the classical spacetime dynamics. The relationship with quantum uncertainty relations will be discussed in the next section.
VI. SOLUTIONS OF THE MATRIX D-BRANE WAVE EQUATION
In this section we shall discuss the situation governing some of the solutions [26, 30] of the class of non-linear Schrödinger equations (5.6) which will be of interest to us in the context of the quantum states of a system of many D-particles. We may parametrize the generic wavefunctional Ψ by an amplitude θ 1 ( y, t) and a phase θ 2 ( y, t) as
which, on account of (5.6), satisfy the following coupled system of non-linear partial differential equations [30] :
This system can be equivalently expressed in terms of the gauge invariant set of parameters η j defined in (5.9) as
where we have selected the gauge µ 1 = 0. Notice that there are ambiguities in the phase function θ 2 in (6.1), which imply that the non-linear Schrödinger equation (5.6) and the amplitude and phase equations (6.2) are not completely equivalent. However, any solution of the phase and amplitude equation yields a solution of the non-linear Schrödinger equation (5.6) . This is the commonly accepted point of view [30] , and the one which we adopt in this paper.
A. Mass Superselection Rules
One of the key properties of the matrix D-brane system that we have exploited extensively thus far is its Galilean invariance (or equivalently that the matrix σ-model deformation defines a logarithmic conformal field theory). It is worthwhile to first mention some basic facts concerning Galilean invariant quantum field theories in the non-dissipative case (D = 0) [31] . Consider two non-relativistic spinless fields φ 1 and φ 2 of masses m 1 and m 2 with a quartic φ 1 φ 2 interaction mediated by a two-body potential V ( x − y). The corresponding Haag expansions of their asymptotic fields are determined by Haag amplitudes f I ( x − x a , t − t a ; x − x I , t − t I ), where a = 1, 2 labels the two fields and I labels the different bound states of the system. Then the function F I ( x 1 − x 2 ) defined through the equal time relation
satisfies the usual Schrödinger wave equation [31] − 1 2
for the stationary bound state problem. This shows that the modified Haag amplitude is exactly the Schrödinger wavefunction of the bound state, with the reduced mass of the two particle system. The important property used in arriving at the result (6.5) is the Galilean invariance of the system. The unitary projective representations of the Galilean group that arise in non-relativistic quantum mechanics cannot be reduced to vector representations, in contrast to the situation for most other physically relevant groups, such as the Poincaré and Lorentz groups. Explicit mass parameters appear in the phase factors of these representations which lead to the Bargmann superselection rule [32] that the sum of the masses appearing in the kinetic terms of the Hamiltonian must be conserved in every physical process. This implies, in particular, that the mass of any bound state must simply be the sum of the masses of its constituents. Note that since we are dealing with a non-relativistic theory, the energy is not equal to the mass and indeed the energy of a two-particle bound state differs from the sum m 1 + m 2 by the binding energy. Since in the case of a composite system of N heavy D-particles, the non-linear Schrödinger equation also stems from the very specific Galilean invariance of the matrix D-brane dynamics, one might expect this superselection rule to carry over to the present diffusive situation. This would then imply that the mass appearing in the effective kinetic term should be Nm = Nḡ 
B. Stationary Solutions
The first important class of solutions of interest to us here are the stationary solutions which are defined as usual [26] by ∂ t P = 0. This is equivalent to assuming ∂ t θ 1 = 0.
Consider the free case whereby the moduli space interaction potential is ignored, V M = 0. Then, setting θ 1 ( y, t) = const., one obtains from the amplitude equation in (6.3) the plane wave solutions Ψ( y, t) = Ψ 0 e i( k· y−ω( k)t) , with a modified dispersion relation obtained from the resulting phase equation in (6.3):
Notice that for the Galilean invariant but time-reversal violating case (5.11), with D ′ = 0, the dispersion relation (6.6) is that of a non-relativistic massive free particle.
The fact that such plane wave solutions exist is an important feature of the present approach to the description of the effective dynamics of a system of many D-particles. As discussed in sections IV and V, the pertinent wave equation of a system of N D-particles, interacting via the exchange of strings, is written down in terms of the abelianized positions y i in (3.5), rather than an N-body quantum mechanics that one would expect from the effective Yang-Mills reduction arising in the standard low-energy description of multiple Dparticle dynamics [3] . This seems to tie in nicely with the heuristic "fat brane" picture of the multiple D-brane system advocated in [33] , according to which one treats the assembly of D-particles as a single one with string interactions now encoded in the diffusion term (4.13).
Had one instead started with the Yang-Mills matrix quantum mechanics from the onset, then one would have obtained a linear Schrödinger equation with interactions taken care of by the Yang-Mills potential. This is what had been studied in the literature so far [3] , with no definite, general conclusions about the bound state problem for strings and D-particles (see [4] for recent developments). In the present approach, we effectively reduce the quantum mechanics to a single body problem (the dynamics of the "fat brane" [33] ), at the cost of obtaining a non-linear wave equation. This explains quite naturally the dispersion relation (6.6) in the case where string interactions between the D-branes are ignored. Note also that the energy is proportional toḡ A non-trivial issue concerns the nature of the effective moduli space potential V M ( y, u; t) among the constituent D-particles of the "fat D-brane". In the context of the σ-model approach to the system of recoiling D-particles [10] , the effective potential V M among the Dparticles is determined by the Zamolodchikov C-function for the deformed σ-model at hand, which according to the discussion in [10] and in section III, is given by the Born-Infeld Lagrangian (3.20) . In the context of the (abelianized) "fat brane" picture, therefore, one would expect that the relevant Born-Infeld effective action can be reduced to the one containing only velocity terms of the form tr 1 − |Ū i | 2 , given that the coordinate-dependent commutator terms in (3.22) may be neglected to a first-order approximation, i.e. to leading orders in σ-model perturbation theory [10] . Such a coordinate independent potential may then be shifted to zero, and hence the free particle case V M = 0 discussed above corresponds to the Galilean invariant multiple D-particle system in a first-order approximation. This is similar in spirit (but not identical) to a discussion of the ground-state properties of the multiple D-particle system, given that the absence of the non-commutative commutator terms in the Born-Infeld action (3.20) also guarantees unbroken supersymmetry in the standard effective Yang-Mills target space description of multiple D-particle systems [34] . This commutative limit is a saddle-point solution of the full U(N) quantum gauge theory.
However, the free case is not a satisfactory approximation if one wishes to include quantum fluctuations about such ground states, i.e. to properly incorporate string interactions between the D-particles which may enable them to form a bound state. Such a case would correspond to off-shell non-conformal backgrounds in a σ-model context which naturally appear when one considers a quantum field theory of D-particles [17, 25] . Unfortunately, the precise form of the effective moduli space potential in that case is still not known in a closed form (see [10] for the first few terms in a velocity expansion of the C-function). For instance, it is known [3, 34] that when a string stretches between two D-particles one obtains a linear (confining) potential, but the inclusion of an arbitrary number of strings complicates the situation. Moreover, as discussed in section V, there is no unique way of associating the non-linear Schrödinger equation (5.6) to the effective Fokker-Planck equation for the probability distribution (4.19) which was derived by world-sheet renormalization group methods.
In particular, the precise form of the effective potential in the linear part of the associated Schrödinger equation is irrelevant for yielding the Fokker-Planck equation (4.19) . This latter equation is essentially that which governs the quantum mechanics on moduli space. As we now show, the present approach enables one to make some non-trivial (and generic) statements about the existence of bound state solutions in the multiple D-particle system under consideration, without precise knowledge of the effective moduli space potential V M ( y, u; t).
To this end we discuss a second class of stationary solutions of the non-linear Schrödinger equation (5.6), which are valid for a generic (but appropriate) potential V M . Such a case incorporates the complex dynamics that binds strings and D-particles in "fat D-brane" configurations. Let us make the ansatz
In the Galilean invariant case (5.11) of relevance to us here, the function (6.7) also solves (6.3) and the resulting phase equation for θ 1 is
Then the function ϕ( y) = exp βθ 1 ( y) (6.9)
with D the diffusion coefficient (4.13), satisfies the affiliated linear Schrödinger equation
Eq. (6.11) corresponds to an ordinary linear Schrödinger wave equation of a particle in the potential V M , but with a shifted effective mass m * = βm (6.12)
The stationary solutions of the non-linear equation (5.6) in the case (5.11) are therefore given by
The wavefunctions (6.13) 
Depending on the form of the potential V M , such solutions may correspond to bound states of the affiliated linear equation (6.11) , with the same potential V M but with a shifted effective mass (6.12) . It is desirable that the effective mass be positive, or otherwise the interaction potential changes its sign. This requires β > 0 in (6.10) . For a fixed string coupling constant, from (4.13) we see that the requirement of positivity of the effective bound state mass m * translates into a limiting velocity for the D-brane dynamics. In the abelian case, this limiting velocity is just the speed of light [35] , as follows from the form of the abelian Born-Infeld action which coincides with the standard relativistic free particle action in this case. Here we find the bound on the velocities of the multiple D-particle system appropriate to the non-abelian Born-Infeld action and the formation of bound state composites. Alternatively, for a given order of magnitude of the diffusion coefficient (4.13) set by the recoil velocities of the D-particles, we find that bound state solutions exist for string couplings stronger than a critical valueḡ * s given bȳ
tr |Ū i | 2 (6.14)
The solutions of the non-linear Schrödinger equation differ from the bound state solutions of the affiliated linear equation by a spatially dependent phase proportional to the diffusion coefficient D. In the framework of the "fat brane" picture of [33] , such bound states may be thought of as corresponding to bound state solutions of a system of D-particles interacting via the exchange of strings. The existence of a critical coupling (6.14) is then physically appealing, because it implies the formation of bound state condensates of D-particles and strings for strong enough string interactions, in similar spirit to the conventional quantum field theoretic case. This is in agreement with the fact [34] that for weak string interactions between the constituent D-branes, the effective spacetime is commutative and no bound states can form. When the string interactions become strong, bound states form and render the effective target space geometry noncommutative. Note that in the present case, the critical coupling (6.14) depends non-trivially on the (kinetic) energy scale of the recoiling D-particles, indicating that a certain minimum amount of energy is required to form the bound state. This velocity dependence is also quite natural, since it means that no bound states can form if the D-particles move too quickly relative to one another.
Let us note also that (6.13) is the analog of the Haag decomposition in the non-diffusive case, since it is obtained from a linear Schrödinger equation via a non-linear, quantum mechanical gauge transformation. This non-linearity implies that the bound state solutions of the affiliated linear wave equation with shifted mass m * and potential V M ( y, u) acquire a phase that depends on y through the Haag amplitude ϕ( y). The transition from the non-linear equation to a related linear one is "mediated" in part by this y-dependent phase.
The effective bound state mass (6.12) is then the analog of the Bargmann superselection criterion in the present case, which we see is modified by a non-linear transformation of the original BPS mass m and also the quantum recoil diffusion.
C. Gaussian Wave Solutions
The non-linear Schrödinger equations admit additional non-trivial solutions of a Gaussian wave type. Such configurations acquire particular importance in the "fat D-particle" context, given that among them there are solitary waves, and one would expect their appearance in view of the role of D-branes as solitons in string theory. The Gaussian wave ansatz for the wave-functional Ψ is described by
where we have restricted ourselves, for simplicity, to one spatial dimension y, given that the Gaussian cases are separable [30] . Here s, σ, A, B, C are real-valued functions of t which are determined from the amplitude and phase equations (6.3) by equating the different powers of y that appear. This leads, in general, to a system of coupled non-linear ordinary differential equations for these functions of t [30, 36] . This set of equations can be reduced to two ordinary second order differential equations for σ and s, and A, B, C may be expressed directly in terms of the solutions of these equations.
For our purposes we note that one may explicitly construct Gaussian wave solutions in the free case V M = 0. Among them are also Gaussian solitary wave solutions with timeindependent width σ(t) = σ 0 = const. For the free case V M = 0, the amplitude and phase equations (6.3) imply that a necessary condition for the existence of such solutions is [30] 
which, on account of (4.13) and (4.15), would imply extreme fine tuning between the magnitude of the velocities of the recoiling D-particles and the string couplingḡ s . Thus it is unlikely to be met in a generic situation, so that the class of Gaussian solitary waves do not seem to describe the D-brane dynamics (see however the discussion below for a different interpretation).
Nonetheless, the Gaussian ansatz (6.15) allows one to carry out some explicit calculations and thereby see directly the effect of the quantum recoil through the non-linearity of the wave equation. This also enables one to make some non-trivial consistency checks of the present formalism. As an illustration, consider the free case V M = 0, for which the differential equation for the function s(t) is that of the classical motion of a free particle,s = 0. Galilean invariance may then be used to set s(t) = 0 for all t, because a general solution s(t) = u 0 t+s 0 can be obtained from the s = 0 one by a G(1) transformation. The remaining differential equations can be easily integrated by quadratures to give the solutions [36] 
where σ 0 , f 0 and C 0 are appropriate integration constants and β is defined in (6.10). The complete solution for the wavefunction Ψ is then obtained by substituting (6.17) into (6.15) and (6.1) with s = 0. From this solution it is straightforward to compute expectation values of operators in terms of Gaussian integrals, and in particular arrive at the variance relation [36] ∆y ∆p = 2ḡ
The uncertainty relation (6.18) corresponds to that of a minimum uncertainty wavepacket, with effective Planck constant determined by the string coupling, as is conjectured in [10] . In fact, eq. (6.18) has a remarkably similar form to the modified Heisenberg uncertainty relations that were derived in [10] directly from the string σ-model genus expansion, in that it contains a diffusion term proportional to the total kinetic energy of the D-particles and their open string excitations which implies that the accuracy with which one can measure position and momentum in a system of D-particles depends on the (recoil) energy that arises in the measurement process. Such an energy dependence is characteristic of string-modified uncertainties and quantum gravitational effects. At time t = 0 we can expand the right-hand side of (6.18) for slowly moving branes to get
To leading orders in σ-model perturbation theory and for weakly coupled strings, the momentum fluctuations ∆p and recoil velocitiesŪ coincide up to the BPS mass of the D-branes [10] . Choosing sgn f 0 = −1, it follows that (6.19) has the usual form of the string-modified Heisenberg uncertainty relation:
The solution to the equation for the extrema of ∆y in (6.20) as a function of ∆p leads to the usual minimum measurable length, and hence to the standard expectations that it is not possible to probe distances smaller that the intrinsic string length or the spacetime Planck length using only D-particle probes (Note that for f 0 ≥ 0 there is no bound on the measurability of lengths in the spacetime). Notice that one may in fact use the complete form of the phase space uncertainty relations derived in [10] , along with the modified Ehrenfest relations (5.12), as a necessary criterion to determine in general if a candidate wavefunction represents the true quantum states of the D-particles and strings. We shall not do so here, but rather carry on with the heuristic analysis and present one final possible description of the quantum dynamics of the system.
D. Solitary Wave Solutions
There exist other types of solitary waves which may occur for certain regions of the two-dimensional parameter space spanned by η 2 and η 5 . The construction of such solutions in the free case V M = 0 may be carried out as follows [30] . For the Galilean invariant case under consideration, if θ 1 and θ 2 are solutions of the equations (6.7) and (6.8), then the Galilean boosted amplitude and phasẽ
with u a constant velocity, are non-stationary solutions of (6.3). Such transformations take the original Galilean invariant solution of the non-linear Schrödinger equation (5.6),(5.11), with η 4 = 0, η 3 = −1, to solutions in the more general case
The resulting solution for the wave-functional Ψ then reads
where Ψ 0 is a constant. The associated probability density P = Ψ † Ψ is itself a solitary wave, moving with constant speed and without changing its shape:
In the particular case where η 2 (η 2 + η 5 ) < 0, i.e. β < 0, one obtains square-integrable solitary wave solutions of the form [30] 
Notice that the condition β < 0 is opposite to that for the existence of positive effective mass bound states in the affiliated linear Schrödinger equation (6.11) . This implies that such coherent solitonic states cease to exist for string couplings stronger than the critical value (6.14), for given recoil velocities of the D-particles. Such solitary waves may play an important role in the underlying dynamics of a system of D-particles. The fact that they arise in the "fat brane" picture indicates that the latter degree of freedom constitutes an effective coarse-grained description of macroscopic quantum coherent states that may characterize (under the specified conditions) a certain phase of the ground state of a system of D-particles interacting among themselves via the exchange of strings. From this point of view, the critical coupling situation (6.16) wherē g s =ḡ * s , corresponding to Gaussian solitary waves, may be thought of as a critical regime separating the bound state phase from the solitary wave coherent phase. It should be noted, however, that although the wavefunctions (6.13) and (6.25) are non-analytic aroundḡ s =ḡ * s , this change of solution should not be regarded as some phase transition in string coupling constant space. Rather, when the string interactions become weak enough to untighten the bound states of D-particles and strings, the quantum dynamics is described by minimum uncertainty wavepackets which produce the appropriate smearing to the quantum spacetime.
Outside of this regime the D-particles behave as freely propagating solitary waves lending another interpretation to the notion of D-branes as string theoretic solitons. It should also be stressed that this heuristic picture is complementary to the picture discussed in [10] , where the microscopic structure of groups of recoiling D-particles under the exchange of strings has been studied in detail in a σ-model context. In the present picture one finds an effective quantum mechanics for a "coarsed grained" description of the multiple D-particle system, in which "lumps" of D-particles are described as single bodies obeying a non-linear diffusive Schrödinger dynamics which encodes their interactions. As mentioned before, this analysis is at present preliminary and must thought of as a heuristic picture for the D-brane dynamics, given that it neither incorporates supersymmetry nor the precise form of the effective moduli space potential V M . The above discussion has only centered around the free case as an illustration, which is correct only to a certain approximation, since the abelianization of the collective coordinates of the D-particles, on which the "free" particle picture is based, is not accurate beyond this mean field approximation.
VII. CONCLUSIONS
The above discussion completes the first analysis concerning the construction of a Schrödinger-type wave equation (here non-linear) for the wavefunctional of a collection of D-particles. This equation is the present proposal for the complicated quantum dynamics of Dirichlet branes, at least within the framework of worldsheet σ-model perturbation theory. Further analysis should concentrate on the applicability of such studies to interferometric devices, which might probe Planckian physics. The non-linear Schrödinger dynamics that we have described above to characterize generic systems of D-branes should also be compared to the linear modifications of Schrödinger wave equations in open quantum mechanical systems interacting with a stochastic type environment. Such types of interactions are customarily assumed in many approaches to quantum gravity.
There are, in general, arguments against non-linear Schrödinger wave equations, mostly stemming from the fact that non-linearities may lead to superluminal propagation, i.e. motion which goes faster than the speed of light (see the discussion in [27] and references therein). In the D-brane picture advocated above, there is the advantage of expressing the system in a "closed" but non-linear form, i.e. writing a self-consistent quantum equation which comprises only known degrees of freedom, including recoil. In the above analysis we did not use environment operators, which are usually unknown and assumed to be generically of a stochastic form. In the present approach we have demonstrated the existence of quantum diffusion and of stochasticity [10, 15] in the sense of Gaussian probability distributions obtained explicitly as a result of summing over all worldsheet genera (i.e. coming from the quantum string theory).
Moreover, as shown in [10] , the resulting off-shell target space action underlying the Schrödinger dynamics near a fixed point in moduli space (where the entire approach is valid) is the non-abelian Born-Infeld action, which implies a limiting velocity (equal to the speed of light) for the D-particle dynamics [35] . This feature prevents superluminal propagation. Thus the issues of superluminal propagation due to a non-linear Schrödinger wave equation, which were originally advocated in [37] , cannot apply to the D-particle cases. These issues express such conceptual difficulties as the possibility of using longranged quantum correlations to send instantaneous signals, and of communicating among different quantum mechanical worlds in a "multiple world" interpretation. As noted in [27] , since non-linear gauge transformations on the wavefunctional can be found which linearize the non-linear Schrödinger wave equation, such claims cannot be correct in general. The
Fokker-Planck equation that we have derived for the probability density may correspond to a linear Schrödinger wave equation, but of an open system, i.e. including interactions with environmental degrees of freedom (in agreement with the analysis of [17, 37] ). However, the non-linear wave equation involving only functionals of Ψ, and thereby closing the system, is preferred. We do not need to appeal here to the unknown environmental degrees of freedom to describe the recoil-induced diffusion of D-brane dynamics.
Although the arguments for superluminal propagation are overcome by the existence of a Born-Infeld Lagrangian for the D0-brane dynamics, a more direct approach is desired since the Fokker-Planck diffusion equation implies that an external environment is present for the D-brane dynamics. This may be argued through the fact that the non-linear effects that we have considered cannot produce superluminal propagation because the present formalism is self-consistent only for weakly-coupled strings withḡ s → 0 (corresponding to heavy Dparticles and hence very small velocities). Light string states are then obtained by S-duality under which the resulting Schrödinger wave equation may indeed become linear.
Notice also that the time-reversal violation of the effective wave equation that we have obtained is implied directly (through entropy production) by the fact that decoherence is present in the system of D-particles. However, if CP T is conserved in a standard string theory, then T violation should occur if CP symmetry breaking is present. In the BornInfeld Lagrangian one may have induced CP violation in four dimensions, for example, by the introduction of topological instanton terms. In string phenomenology such terms arise quite naturally upon compactification of the target space. The present approach which allows decoherence (due to the energy dependence of the quantum uncertainties) therefore provides a natural explanation of the supression of CP symmetry in string theory. But generally in decohering quantum mechanical systems CP T is not conserved, so the above approach also differentiates between standard particles and recoiling D-particles.
We close by mentioning that non-linear quantum dynamics may be desirable from another point of view discussed recently in [38] . The non-linear evolution of correlated systems (i.e. those involving the dynamics of many "particle" states) may be free from the contamination by negative probabilities which inflict the corresponding linear case. The D-brane systems we are considering here always involve many D-branes interacting with each other via the exchange of closed string states. In the present picture [10] single D-particles are only viewed as a limiting case of a multi-brane system where the constituent branes are separated at macroscopic distances compared to the string length √ α ′ . The non-linear dynamics, therefore, which we proposed in this article, may be essential for guaranteeing complete positivity of the system in the generalized sense discussed in [38] . If one accepts the modern viewpoint of string-inspired phenomenology of the observable world [39] , according to which the latter is represented as a D-brane interacting with other branes via the exchange of closed string bulk states only, then the above-mentioned issues may be of crucial importance for a consistent formulation. 
